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^N) ' Abstract. We introduce a complete obstruction to the existence of nonvan- 

ishing vector fields on a closed orbifold Q. Motivated by the inertia orbifold, 

the space of multi-sectors, and the generalized orbifold Euler characteristics, 

^u ■ we construct for each finitely generated group T an orbifold called the space 

'^1>( ' of F-sectors of Q. The obstruction occurs as the Euler-Satake characteristics 

of the F-sectors for an appropriate choice of F; in the case that Q is oriented, 
this obstruction is expressed as a cohomology class, the F-Euler-Satake class. 
We also acquire a complete obstruction in the case that Q is compact with 
boundary and in the case that Q is an open suborbifold of a closed orbifold. 



q 

'^ ' 1. Introduction 

If M is a closed manifold, then it is well-known that M admits a smooth, non- 
vanishing vector field if and only the Euler characteristic of M vanishes (see e.g. 
[5]). For the case of a closed orbifold Q, the fact that the existence of a nonva- 
CS| ' nishing vector field ensures the vanishing of the Euler-Satake characteristic (i.e. 

K^ I Satake's Euler characteristic as a ^-manifold) is a trivial consequence of Sa- 

take's Poincare-Hopf Theorem in [14] . In [15l Corollary 3.4], the second author 
offered a different Poincarc-Hopf theorem, demonstrating that a nonvanishing vec- 
^v^ ■ tor field also implies that the Euler characteristic of the underlying topological 

I [ I space of Q vanishes. However, the converse of both of these statements is false; it 

f— ^ ■ is easy to construct examples of orbifolds such that both characteristics vanish, yet 

00 I whose singular strata force any vector field to vanish (see [16]). 

^D ' Similarly, if M is an open manifold or manifold with boundary, then it is well- 

known that M always admits a nonvanishing vector field. We note that no require- 
. - ments are made of the behavior of the vector field on the boundary; i.e. it need not 

r> ' be tangent to the boundary nor pointing in or out of M. The case of orbifolds is 

jrt ' again not as straightforward, however, as closed components of the singular strata 

may force a vector field to vanish. 

In [16] , the second author introduced a complete cohomological obstruction to 
the existence of nonvanishing vector fields on closed orbifolds with cyclic local 
groups. In this case, the obstruction was an element of the Chen-Ruan orbifold 
cohomology (see |4j or [1]), additively the cohomology of the inertia orbifold. For 
cyclic orbifolds, the cohomology of the inertia orbifold is large enough to produce 
a complete obstruction. Here, we generalize the construction of the inertia orbifold 
to introduce the space of F-sectors of a general orbifold Q. Roughly speaking, 
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the inertia orbifold is the set of pairs {x, (g)) where x is an object in an orbifold 
groupoid G presenting Q and (g) the conjugacy class of an element g in the isotropy 
group of X. Hence, (g) can be thought of as the conjugacy class of a homonior- 
phisni from Z into the isotropy group of x. In contrast, the space of F-sectors is 
constructed by choosing homomorphisms from a fixed, finitely generated group F 
into the isotropy group. The orbifold structure of the space of F-sectors is given by 
a translation groupoid via an action of the orbifold groupoid Q. When F is chosen 
appropriately, the set of Euler-Satake characteristics of these F-sectors acts as a 
complete obstruction to the existence of nonvanishing vector fields on Q. When Q 
is oriented, we define in the cohomology of the space of F-sectors an Eulcr class 
^r^iQ) called the F-Euler-Satake class of Q that contains this information. We 
demonstrate the following. 



Theorem 1.1. Let Q be a closed orbifold and F a finitely generated group that 
covers the local groups of Q. Then Q admits a smooth, nonvanishing vector field if 
and only if xes \Q{<P) ) = for each T -sector Q(_^)- In the case that Q is oriented, 
this is equivalent to e^^{Q) = 0. 



We will also show Theorems 14.71 and 14.111 which give similar results in the case 
that Q is a compact orbifold with boundary and Q is an open suborbifold of a 
closed orbifold, respectively. 

The construction of the F-sectors is motivated by a construction of Tamanoi in 
[l8] and [H] (see also [2] and [10]) used to define generalized orbifold Euler char- 
acteristic of a global quotient orbifold; i.e. an orbifold that admits a presentation 
as M/G where M is a smooth manifold and G is a finite group acting smoothly. 
Using the techniques of [1] and [T], we produce a similar construction to orbifolds 
that do not admit such a presentation. 

Late in the preparation of this paper, the authors became aware of a similar 
construction in [71 pages 4-8]. Leida notes (on page 14) that his space of fixed- 
point sectors can be identified with the mapping space of faithful homomorphisms 
from finite groups into the orbifold groupoid Q; we take this approach using a 
fixed, not necessarily finite group, and do not require that the homomorphisms 
be faithful. It is clear that a similar obstruction theorem can be proven using 
Leida's construction. However, the construction contained here relates specifically 
to and generalizes existing constructions for quotients, including orbifold Euler 
characteristics. In a forthcoming paper, the authors will explore the relationship 
between the F-sectors given here and other constructions, including the inertia 
orbifold, the space of multi-sectors in |4] and [1], and orbifold Euler characteristics. 
Here, our focus is the properties of the construction itself and the obstruction to 
nonvanishing vector fields. 

The outline of this paper is as follows. In Section [21 we give the construction of 
the F-sectors as well as the definition of the class e^^{Q). In Section[31 we determine 
the topological properties of the F-sectors that we will require. In Section |4l we 
prove Theorem 11.11 We also prove as Theorems 14.71 and 14.111 the analogous results 
in the cases of Q compact with boundary and Q an open suborbifold of a closed 
orbifold, respectively. 
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Note that many authors require of an orbifold Q that each local group Gx act 
within a chart with a fix-point set of codimension at least 2. We make this require- 
ment as well. However, we note that the construction of the F-sectors in Subsections 
12.11 and 1 2.21 does not require this hypothesis. 

2. Definitions 

2.1. The F-Sectors of an Orbifold. We assume throughout that Q is an n- 
dimensional orbifold; we do not assume that Q is effective nor admits a presentation 
as quotient. We use the definition and notation in [1] (see also [3], [8j, [9], and [13] 
for background information). Recall that presentation of Q is given by an orbifold 
groupoid Q (a proper etale Lie groupoid) and a homeomorphism between the orbit 
space \Q\ oi Q and the underlying space of Q (see [3 pages 19-23]). We take a 
fixed orbifold groupoid Q and identify the underlying space of Q with \Q\. Let 
CT : Go ^ 1^1 = Q denote the quotient map. As usual, Go and Gi denote the 
space of objects and arrows, respectively, in Q, s and t the source and target map, 
respectively, and Gx denotes the set of loops at a point a; G Go, the isotropy 
group of X. 

Let p <E Q correspond to the t/-orbit of a; £ Go so that (j{x) — p. There is a 
neighborhood T4 of x in Go diffeomorphic to M" in such a way that x corresponds 
to the origin and the Q\v^ — (s,i)~^(14 x Vir)-action corresponds to a linear Gx- 
representation (see [Ij page 19 and Proposition 1.44, page 21], [H page 8], or [9l 
page 15]). For ease of notation, we will identify Vx with a subset of M" without 
explicit reference to a choice of diffeomorphism. In this context, we use t^x '-Vx ^ Q 
to denote the restriction of the quotient map a to Vx and Up to denote tTx{Vx) C Q. 
Then we call {Vx^Gx^t^x} a linear orbifold chart for Q at x. Whenever we 
use this notation, we will assume that the chart has these properties. In particular, 
such a chart defines a groupoid homomorphism S^x '■ Q\v^ -^ Gx where the group Gx 
is treated as a groupoid with space of objects {x}, identifying Q\v^ with Gx x Vx- 
As Gx acts on T4, for each y e T4, S,x defines a bijection between s~^{y) fl t'~^{Vx) 
and Gx- In particular, £^x restricts to an injective group homomorphism denoted 

S = {ix)\Gy ■ Gy -^ Gx- 

If x' G Go is another point in the orbit of x so that a{x') = p, then there is 
a g G Gi with s{g) = a;, t{g) = x' . By shrinking Vx if necessary, we can assume 
that s restricts to a diffeomorphism Sg from a neighborhood of g to Vx- Then 
gGxg~^ = Gx' so that Gx and Gx' are isomorphic, and ios~^(T4) is a neighborhood 
of x' in Go diffeomorphic to R" where x' corresponds to the origin; hence, g induces 
an isomorphism of orbifold charts, and tTx' o t o s~^ = tTx- Hence, we may refer to 
the isotropy group of a point p ^ Q. By this, we of course mean the isotropy group 
of an x G Go with (j{x) =^ p, which (up to isomorphism) docs not depend on the 
choice of x. 

The following definition follows 1 , pages 52-4] . 

Definition 2.1 (Space of objects of the F-sectors). Let Q be an orbifold and F a 
finitely generated group- We let Sg denote the set 

^55=0 HOM{r,Gx)- 

xeGo 

A point in SK will be denoted by ipx where (px £ HOM{r, Gx)- We let f3r ■ Sg -^ Gq 
denote the map /3r(0a;) = x- 
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For each (p^ & Sg, pick a linear chart {VxjGxjT^x} for Q at x G Go- Let Vx = 
Pi 1/J^ ^'^' denote the fixed-point subset of Im (j)x ■ Let the map 

be defined as follows. For each ye Kb, CI ^ Gj^ — > G^; is an injective group 
homomorphism. If y G T4 , we have of Imcjyx < d(Gj,) < Gx, so that we can 
define (t)y := (C|)~^ o 0^ : F -> Gy. Let K0,(y) = (/-y. 

Lemma 2.2. Let Q 6e an orbifold and F a finitely generated group. The < Vx , k^^ > 

give Sg the structure of a smooth manifold (with connected components of different 
dimensions) in such a way that /3r is a smooth surjective map. 

Proof. Fix (px G Sg. It is clear that k^^ is injective, as it is inverted on its image 
by /3r- We give Sg the topology induced by the k^_^. Then the < Vx , k^^ > define 
manifold charts at each point (f>x G Sg. If a different linear chart is chosen at x, 
then it clearly yields an equivalent (manifold) chart for Sg . li (f>x,ipy & Sg such 
that K^AVx^'^''^) n K^^iVx^"^'^) + 0, then 

is a restriction of the associated transition map for the smooth manifold Go to 
a submanifold and hence smooth. Therefore, the < 14 , K0^ > and their finite 



intersections define an atlas of smooth charts for Sg . 



r{<l>.) 



For each (px & Sg, the map /?r o k,/,^ is the identity on Vx . Hence /3r is smooth. 

D 

We define a ^-action on Sg by letting g £ Gi act via pointwise conjugation. In 
other words, if x = s{g), for each 7 G F, we set 

(2.1) {g<l>.){l)^9iMl))9''- 

Note that /3r is the anchor map of this action, and that g : /3p ^(3(5)) -^ /3p ^(^(5)) 
as each g{4>x{'y))g~^ is in the isotropy group of t{g). The properties of a groupoid 
action follow trivially. We let Q^ denote the action groupoid G >^ Sg. 

As Q^ is the action groupoid for a smooth orbifold groupoid acting on a smooth 
manifold, Q^ is an orbifold groupoid. Moreover, the anchor map extends to a 
homomorphism Pr '■ G^ ^ G (see [TJ pages 39-40]). 

Definition 2.3 (Space of F-sectors of Q). We let Qr denote the orbit space of \G^\ 
along with the orbifold structure given by G^ ■ We call Qr the space of F-sectors 
of Q. A point in Qr is the G- orbit of a point cpx G SK, denoted G<j>x- 

Fix a; G Go with orbit cr{x) — p € Q and pick a linear chart {Vx,Gx,t^x} for 
Q at X. By Lemma [2.2[ for each (px G 5^, k^^ : Vx — > Sg gives a manifold 
chart for Sg near (j>x . We let Cg^ {<j>x ) denote the centralizer of Im cpx in Gx and 
^0. : yj-^-^ ^ vi^^VCG.(0:.) the quotient map. 

Given g G s~^(x), it is clear from Equation 12.11 that gcpx = 4>x if and only if 
g G Cc^ii'x)- Hence, the isotropy group of (f>x in the groupoid G^ is given by 
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Cg^{4>x)- Via K0^, the C^-action on n^^ ivi; "='1 C_ Sg corresponds to the C'G^i4>x)- 

action on Vx . With this, we have the foUowing. 

Lemma 2.4. Let Q be an orbifold and T a finitely generated group. For each 
4>x G Sg, the manifold chart < Vx , n^p^ > for Sg near (j>x induces a linear orbifold 

chart \Vx "^ , Cg^ (0a;), 7r|'"= > /or Qr at (px- The restriction Q^ \ ^ fyi't'^i'] of Q^ to 

'*0x [Vx ) C Sg is isomorphic as a groupoid to Cg^{4>x) ^ Vx '^ ■ 

Note that n^^ \Vx ] C Sg, so that strictly speaking, we should say that 
\ '^i^cc ( Vx ) , Gq^ i4'x), T^t'' f is a linear orbifold chart for Qr- In this case, we will 
make explicit use of the diffeomorphism k^^ to avoid confusing Vx C 14 C Go 
and K^^ (yj^->) CS^. 

The following is stated for the case of multi-sectors in [TJ page 53]; see also [51 
page 17] and [5]. 

Lemma 2.5. Let Q be an orbifold groupoid and T a finitely generated group. A 
homomorphism of groupoids ^ : Q ^ Ti induces a homomorphism $* : S'" ^ Ti,^ . 
Lf ^ is a strong equivalence, then <&* is a strong equivalence. 

Proof. We let $o and $i denote the maps on objects and arrows, respectively, given 
by the groupoid homomorphism <&. To avoid confusion with Q, we use the notation 
{G^)i to denote the space of arrows of Q^ , and sgr and tgr to denote the respective 
source and target maps of G^ ■ We use similar notation for H and Ti.^ , where Ti has 
space of objects Hq, space of arrows Hi, etc.. Note that the spaces of objects of 
G^ and H^ are Sg and S^, respectively. 

Every element of {G^)i consists of an arrow g G Gi and an object (j)x G Sg such 
that s{g) — X. We let {g,4>x) denote the corresponding arrow in {G^)i, so that 
sgr[{g,(j>x)] = (t>x and tgr[{g,(l)x)] = gcpx- The map (/3r)i : (^'")i -> Gi is given by 
i9,(t>x) ^ 9- 

For each x G Gq, <&i : Gi — ^ Hi restricts to a group homomorphism from Gx to 
-f^*i(x)- We define a groupoid homomorphism ^^, : G^ ^^ H^ as follows. First, we 
define the map on objects, 

^*o ■ Sg — > S-^ 

(2.2) 

: 4)x I — » (^io4>x- 

Then <I>*o(0x) : F -^ H^^(^x) is a group homomorphism as required. For each 7 e F 
and (7 G Gi with s{g) = x, 

'^*o{9(t>x){l) = '^i[9<i>x{l)9~^] 

= <i>i(g)<i>i[0,(7)]<i>i(.9-i) 

= <i>i(ff)[$,o(0x)(7)]- 
Hence, 

**o(5(/'x) ==$i(5)$*o(0x), 
so that $»o is a t/-7i-equivariant map via $1. 
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Fixing (px & Sg, pick a (manifold) chart < Vi , k^^ > for Sg near (px as given 

by Lemma [2.21 Similarly, pick a linear orbifold chart {M^$o(£i;), ('^^)$o(a:), ^^$0(2;)} 
for |7i| at $0(2;); by shrinking charts if necessary, we may assume that ^o{Vx) C 

Ty$„(^). Then |W^i*(*^|'^"''\ K$^g(0^)| is a manifold chart for S^ near ^^oifl^x)- As 
$1 commutes with each of the structure maps of Q and 7i, for each y G Vi , 

= *o(y)- 

It follows that the map 

is nothing more than the restriction of $0 to Vx C Go, and hence is smooth. As 
this is true for each chart at each (px S Sg, <i>*o is a smooth map. 
For each {g, (px) G {Q^)l^ we set 

$*i[(5>x)] = ('i>i(.9),<I'*(0.)). 

In other words, (^ ^:i[[g , (px)] is the arrow in [li^)i given by the action of $1(5) on 
$*(0,). Then 

Sh^ {'^Ai.g^x)]) = $*('/'x) = **o (ser[(5, (/.^)]) , 
and 

t-H^ {'^*l[{9,4>x)]) = «'*(#^) = $*ofer[(5,'/':r)]) , 

etc., so that $*o and $*i commute with the structure maps Q^ and HF . For each 
{9:4'x) G (S'")!! £^s sgr is a local diffeomorphism, there is a neighborhood Wg of 5 
in (^'")i diffeomorphic to Vi ■ Via this diffeomorphism and the corresponding 
construction for {TC^)i, just as in the case of <i>*0! ^*i corresponds to the restriction 
of <i>i to the submanifold Wg of Gi. It follows that $»i is smooth, and so $» is a 
homomorphism of Lie groupoids. 

Now, assume $ is a strong equivalence. Then $0 • Gq -^ Hq is a surjective 
submersion. Moreover, $1 restricts to an isomorphism from Gx to {Ti)<i>g(^x) for 
each X € Gq. It follows that for each a; e Gq, the map $»o defined in Equation 12.21 
is a bijection between HOM(r, Gx) and HOM(r, {'H)^g(x)), so that $0* is surjective. 
Within local charts, $,0 is the restriction of a surjective submersion; hence, $,0 is 
a surjective submersion. Moreover, the identification of Q with the puUback of Ti 
via <i>o X $0 : Go X Go — > Hq x Hq identifies the ^-action on Sg with the puUback 
of the 7i-action on S^ via <i>*o x $»o '■ Sg x Sg ^ S^ x S^. Hence, $* is a strong 
equivalence. 

D 

Noting that the Morita equivalence class of an orbifold groupoid is the same as 
the Morita equivalence class via strong equivalences (see [U page 21]), it follows 
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that the orbifold structure of Qr depends only on F and the orbifold structure of 
Q and not on the choice of Q. 



2.2. Connected Components of the F-Sectors. We now parameterize the space 
of F-sectors fohowing Jj page 83] . 



Definition 2.6 (Equivalence in G^)- Let Q he an orbifold and F a finitely generated 
group. Let (f>x,i^y G Sg and suppose there is a linear chart {Vx, Gx, tTx} at x for Q 
with y E Vx- We say that tpx locally covers (f>y with respect to the linear chart 

{Vx, Gx^TTx}, written 4>x ^> ^y, if there is a g G Gx such that g[{^li o ipy){j)]g^^ = 
4>x{l) for each 7 € F. When we say (px locally covers ipy, we mean that there exists 
a linear chart with respect to which (px locally covers ipy. 

Extending this to an equivalence relation on all of Q^ , we say two Q-orbits of 
homomorphisms Qpx o,nd Q^y are equivalent, written G'f'x ~ G'lpy: */ there is a 
finite sequence (t>xoi4'xn ■ ■ ■ i^Pxi such that pxo G G4'x, 4'xi & G'4'yj o-'^^d for each i, 

4>xi /^^ 4>xi+i or 4>xi+i ^^ <t>xi- We let {(px) denote the ^-class of Qpx', we will refer 
to this class simply as {(p) when there is no specific representative <px in mind or 
to emphasize the lack of dependence on an x E Gq. We let TK denote the set of 
^-classes in SK . 



Note that two homomorphisms are equivalent only if they are connected by a 
sequence of local coverings in linear orbifold charts. Allowing charts of the form 
M/G where M is a manifold and G a finite group results in a different definition. 

The following two lemmas allow us to simplify the definition of « when dealing 
with ^-orbits of elements of Sg rather than points in Sg themselves. Lemma 12.71 
shows that by picking an appropriate representative of an orbit, the conjugation 

in the definition of r\ is unnecessary. Lemma 12.81 shows that the definition of r\ 
is well-defined on orbits as it can be; i.e. it holds for all elements of an orbit that 
have representatives in the same linear chart. 



Lemma 2.7. Let Q be an orbifold, F a finitely generated group, and (pxjtpy ^ 'Sg- 

Lf <px ^^ ^y with respect to the chart {Vx^Gx^t^x}, then there is an element ipy' of 
the Q -orbit of ^y such that y' £ Vx and 



Cx °i'y' = ^t^x- 

Proof. Suppose there is a linear chart and a. g G Gx such that ^[(^^ o tpy){-f)]g~^ — 
(px{"f) for each 7 e F. As £,x defines a surjective map from s~^{y)C\t~^{Vx) onto Gx, 
there is an arrow h G Gi such that s{h) = y, t{h) G Vx, and ^x{h) = g. Therefore, 
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for each 7 G F, recalling that ^| is simply the restriction of ^x to Gy, 

Ml) = 9m°i^y)h)]9-' 

= UhiMl))h-'] 

{as h{i}jy{-i))h-^ eGt(H)) 

= [&''\h^y)]{l). 

Setting y' = t{h) and ipyi = hipy, we are done. 



D 



Lemma 2.8. Let Q be an orbifold, T a finitely generated group, and (f>x,'>Py G Sg. 
If <Px ^^ "01/7 then (j)x locally covers every element of the Q-orbit of ipy in /3p (Vx). 

Proof. Suppose (px ^v -ipy so that there is a g G Gx such that for each 7 G F, 

Ml)^9[{^'xOi^y){l)]9-'- 

Each element of the ^-orbit of ipy in /3p ^(T4) is of the form h^y for some h E Gi 
with s{h) ~ y and t{h) G Vx- Fixing one such h-ipy, we have for each 7 G F 

9Uh-') [(e.'"' ° (h^v)) (7)] [9Uh-')]-' = 9Uh-') [C^*"^ {hi^y{j)h-')] Uh)9~^ 

= 9Uh-'h) m o ^Py) (7)] Uh-'h)g-' 
= 9{iaoi^y){l)]9-' 

= 4>xh)- 



As g£,x{h "'^) G Gj:, it follows that (px ^^ hipy. 



D 



Lemma 2.9. Suppose Q is a compact orbifold and F is a finitely generated group. 
Then Tq is finite. 

Proof. For each p d Q, pick a linear chart {Vx,Gx,t^x} at p. Then the collection 
{Up : p G Q} forms an open cover of Q. As Q is compact, pick a finite subcover 
corresponding to the points xi,X2, ■ . .Xk G Go with respective orbits cr{xi) — Pi E 
Q. We claim that each (-0) G Tq has a representative in the set 

fe 
?^=|jHOM(r,G,J, 

i=l 

which is clearly is finite. 

Let 0y : F — > Gy be an arbitrary element of Sg and let q — cr[y) G Q denote the 
orbit of y. Then there is an i such that q G Up- ; hence, there is an /i G Gi with 
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s{h) — y and t{h) e Vx^. Recalling that £^x ■ Gt{h) ~* Gx is an injective group 
homomorphism, define (j)x — S,x o [htpy)! i-e- 

hil> f'<''> 
<Px ■ -L > <J-t(/i) > '-^x, 

an element of ?i. 
That 4>x r\ h-ipy is obvious from the definition of (px- Hence, as htpy G Gipy, this 



and then (px is an element of Ti. 

That (jjx ^> hipy is 
implies that (px ~ V'y 



D 



If (px 1^^ 4'y with respect to the linear chart {Vx, Gx, t^x}, then by Lemma 12.71 the 
Ga;-orbit of y in Vx intersects Vx ■ As Gx acts linearly so that Vx is a subspace, 
it follows that (px and 0^ represent C^-orbits in the same connected component of 
Qr- If (px ~ 4'y, then they are connected by a finite sequence of points related by 
local coverings. For each i, the two points CG^.{(pxi)xi and Cg^. {4>xi+i)xi+i lie 

in the same connected component of Qr regardless of the direction of the covering, 
so that the ^-orbits of (px and (py lie in the same connected component of Qr- 

Conversely, each chart for Qr can be taken to be of the form < Vx , Cg^ {(px), Trf^ >, 
induced from a chart {Vx,Gx,t^x} at x, and the image of the injective homomor- 
phism £y. : Gy ^ Gx contains Im^^: if and only if y G Vx ■ Hence, this chart 
defines a local covering by (px of each homomorphism (py — (C|)~^ o (px correspond- 
ing to a 2/ £ Vx . If (px and (py represent points whose orbits are in the same 
connected component of Qr, then there is a path connecting the orbits of (px and 
(py. Pick a linear chart for each point on the path and then a finite subcover of 
these uniformized sets. It follows that there is a finite sequence of local equivalences 
connecting (px to (py. With this, we make the following definition. 

Definition 2.10 (F-sector). Let Q(^) denote the subset of Qr corresponding to 
orbits of points in the Ki-class {(p). Then 

Qr ^ U Qw 

is a decomposition of Qr into connected components. We call Qitp) ihe F-sector 
corresponding to {(p). 

We let vr ; Qr ^ Q denote the map tt{G(Px) — '^{x) that sends the orbit Q(px in 
Qr to the orbit of a; in Q. Note that tt is the map on orbit spaces induced by (3r 
and hence is a smooth map of orbifolds. 

2.3. Euler-Satake Ciiaracteristics and tiie F-Euler-Satake Class. If Q is 

closed, we will use XtopiQ) to denote the usual Euler characteristic of the underlying 
topological space Xg of Q. We let xes{Q) denote Euler-Satake characteristic of Q. 
Recall that the Euler-Satake characteristic of an orbifold Q is a rational number; see 
[H] where this number is called the Euler characteristic of Q as a ^-manifold, 
or [TS] where this quantity is denoteqj Xorb(Q)- 



We avoid using this notation here, as it is more frequently used in the Uterature to denote 
the stringy orbifold Euler characteristic of Q. 
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Recall (see [U Definition 2.25 and Definition 2.28, pages 44-45]; see also [3]) 
that an orbifold vector bundle over Q of rank k is given by a ^-vector bundle 
p : E ^f Go of rank k such that each g d Gi induces a linear isomorphism of fibers 
g : p~^{s{g)) —> p~^{t{g)). Sections of this orbibundle correspond to tj-invariant 
sections ui : Gq ~* E. We denote the translation groupoid £ ~ Q k E. A bundle 
E is called good if for each a; € Go, Ker(G'a;) acts trivially on each fiber E^ where 
Ker(G'a:) denotes the set of constant arrows in Gx', i.e. the arrows g G Gx such 
that there is a neighborhood of g in Gi on which s = t. Within a linear chart over 
which E is trivial, this means that the kernel of the group action on the base space 
coincides with the kernel of the group action on the total space. 

Note that as £ is an orbifold structure for \£\, we can apply the construction of 
F-sectors to form \£\-p — \£^\ where £^ = £ x Sg. 

Lemma 2.11. Let p : E ^ Go be an orbifold vector bundle of rank k, and let 
T be a finitely generated group. Then S^ is naturally a G^ -vector bundle over Sg 

making \£\-p into an orbifold vector bundle over Qr- An orientation of E induces 
an orientation of S^ . A Q -invariant section oj : Go ^ E naturally induces an 
£^ -invariant section ujr ■ Sg ~^ S^ . Within corresponding linear charts for £^ and 
£, ujr is simply the restriction of u to a subspace; in particular Cjr{4>x) = if and 
only if uj{x) = 0. 

Proof. As in proof of Lemma [2751 we let (£)i denote the space of arrows £, {£)e the 
isotropy group of e S S, and S£ and tg the source and target maps, respectively. 
Note that E is the space of objects of £. An element of {£)i is given by a g S Gi 
and an e e P^^(s(5)) C E; we will denote this arrow {g,e). For each e ^ E, the 
map 

pi: {£), -^ Gi 
(2.3) 

: (g,e) i — > g 

restricts to an injective homomorphism from the isotropy group {£)e into the 
isotropy group Gp(^e) of p{e) G Go- Regarding the space of F-sectors, the space 
of objects in £^ is Sg. We show that Sg is a ^'"-vector bundle over Sg with the 
desired properties. 

Each element of Sg is a homomorphism 0e : F — > {£)e where e G E. We define 

Pt : Si — > Si 

■ 0e I > Pi O 0e 

Then p-r{(f>e) ■ L -^ (^p(e} is a homomorphism for each 0e G S^. 

A linear chart for \£^\ whose image contains (f>e is given as follows. Let x — 
p(e) G Go- Then there is a linear chart {Vx, Gx, tTx} for Q at x. By shrinking Vx if 
necessary, we may assume that E\v^ is trivial as a vector bundle over Vx (although 
the G2;-structure need not be trivial). Then {Vx xM.^, Gx, tTx} is a linear chart for \£\ 
whose image contains e with iTxiVx x K*^) = p^^(T4) C E. If projy^ : T4 x M'' — > T4 
denotes the projection onto the first factor, then -Kx ° projy^ = po ttx. 

Note that we are not interested in linear charts for £ at e, as such charts do 
not respect the structure of ii^ as a rank k vector bundle over Gq . Specifically, if e 
does not correspond to an element of the zero section in E, then a chart in which 
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e corresponds to the identity in M" x M*^ would not give a local trivialization of E. 
Rather, {Vx x M.'^,Gx,t!'x} is a linear chart whose image contains complete fibers 
of E such that Vx x {0} corresponds to the zero-section, and the origin in Vx x R" 
corresponds to x through the injection of Go into E as the zero-section. 

By Lemma [2.41 a chart for \£\-p = \£^\ whose image contains (pe is of the form 
{{Vx xM'=)<'^'=>,CGj0e),^M, and a linear chart for Qr = l^^l at pri4'e) is of 
the form < Vx ,CG-,{pri4'e)),''^x^ \- Since Gx acts linearly on each fiber of 

Vx X R'^ and G^(T4 x {0}) = (Vx x {0}), we have 

{Vx X R'=)^^=^ ^ {Vx X {0})<'^''> X (R'=)<'^=> 

By construction, ttx^ o projy(«e> — pr ° T^t" ■ ^s such charts exist at each point 
0e G 5g , and as they clearly transform appropriately, being restrictions of charts 
for E, Sg is a Q^ -vector bundle over Sg. Moreover, an orientation of E obviously 
induces an orientation of iS^ by restriction within charts. 

Now, let {g, (j)x) G (^'")i where g & Gq with s{g) = x. Note that Sgr [{g, ipx)] — (j)x 
is a homomorphism F — > Gx- Hence, {g, (t>x) induces a map 

(5>:e) : Pr^{<l>x) — > p^^{t{(/)x)). 

With respect to a chart for £^ as above, p^^{(j)x) — {p^^{x))^'^-''^ and pY^{t{4>x)) = 
{p~^[t{g)])^^'^''\ so that {g,4>x) is simply the restriction of the linear isomorphism 
g : p^^{s{g)) -^ p^^{t{g)) onto the invariant subspace (p~^(a;))^'^^^ with image 
(p^^[i(g)])^^'^="^ Therefore, it is a linear isomorphism, and pr '■ S^ -^ Sg defines 

an orbifold vector bundle |5|p — * Qr- 

A section Q — > \£\ is a ^-invariant section ut : Gq ^ E. For each x G Gq, as 
u!{x) is Ga;-invariant, the map pi defined in Equation 12.31 maps the isotropy group 
{^)uj(x) oi uj{x) isomorphically onto Gx- Given a section uj, we define 

ojr '• oc — ^ S^ 

by [uJr{<px)]{7) — {Pi\(£)^,^))^^[4'x{l)] for each 7 e F. In a chart for £^ of the form 
UVx xR'=)<'^r(0.)>^q^^^^^^(j::;j,(0^))^^;^rW.)\ ^j^^ ^^^^^^ ^^ ^^^^^ coincides with 

that of uj{y), so that cj-p is, within a chart, just the restriction of uj to the invariant 
subspace (T4 x {0})<'^r(</'.)) ^ yj-^-). Hence (Dp is a ^^-invariant section of S^. 
Moreover, as it is locally just a restriction, ujr{4>x) = if and only if uj{x) — 0. 

D 

Note that the bundle pr ■ S^ -^ Sg is not simply the puUback of the bundle E 
via /3r; it generally has different ranks over different connected components. It is 
easy to see that the the operations of forming the tangent bundle, cotangent bundle, 
and its exterior powers commute with the operation of forming the F-sectors; that 

is, 

T(Qr) - (TQ)r: 
T*{Qr) - (FQ)r, 
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etc. These are, however, all good vector bundles. We note that it is possible that 
the orbifold vector bundle given by p : E ^ Go is a good vector bundle while the 
induced bundle on F-sectors is not. We illustrate this with the following example. 

Example 2.12. Let Gq = C and F ~ €? with basis {fi, (2} (note that we only use 
the complex structure to simplify notation). Let E — Gq x F be the trivial bundle 
and p : E —f Gq the projection. Let G = Z2 © Z3 = (ai) © (02) act as follows. 
On Gq, ai acts as multiplication by —1 and a2 acts as multiplication by e^'^*''^. 
On E, we let ai(y, ci/i + C2/2) = (aiy, -ci/i + C2/2) and a2{y,cifi + C2/2) = 
(02?/, ci/i + e^'^*'^C2/2). Then E defines an orbifold vector bundle over the orbifold 
Q ^ G tK Gq. Note that the kernel of the action on both Gq and E is trivial, so that 
E ^ Gq is a good orbifold vector bundle. 

Let X denote the origin in Gq and letV — TL be generated by 7. Define ^j, : Z ^ G 
by (t>x '■ J '-^ Oil o,nd let (0) denote the ^-class of (f>x as usual. Then a chart for 
Q(,p) at the orbit of 4>x is simply the origin with oi\ and 012 acting trivially. The 
kernel of the action is all of G. 

Let e denote the origin in p^^(x), and define (j>e ■ J '-^ oi\. Then pY{<i>e) = 'f'x- 
A chart for the fiber of \8\-p at the orbit of 4>y is span£{f2) where ai acts trivially 
and a2 acts by multiplication by e^'^*''^. The kernel of the action is (ai). 

We see that E ~> Gq is a good vector bundle, while the induced bundle over the 
space of Zi- sectors is a bad vector bundle; on the connected component Qt^-\, the 
kernel of the action on the fiber is a proper subgroup of the kernel of the action on 
the base space. 

Definition 2.13 (r-cohomology). Let Q be an orbifold and T a finitely generated 
group. We let H^{Q) denote the (singular or de Rham) cohomology of Qr ■ If Q ad- 
mits an almost- complex structure, we let H*^^^y{Q) denote Chen-Ruan cohomology 
of Qt (see [4JJ. Throughout, we use real coefficients. 

Assume Q is oriented, inducing an orientation of Qr- Bestow Qr with a Rie- 
mannian metric and metric connection Co with curvature J7. Let E(fl) denote the 
Euler curvature form (see [Mj or [E]). Note that if (1) denotes the w-class of the 
trivial homomorphism into any isotropy group, then as all such homomorphisms 
are clearly elements of the same «-class, (5(i) is clearly diffeomorphic to Q. Re- 
stricting to the connected component Qn), we have a metric connection lo on Q 
with curvature fi and Euler curvature form £'($7). 

Definition 2.14 (F-Euler-Satake class). Let Q be an oriented orbifold of dimension 
n and T a finitely generated group. Let essiQ) ^ H"{Q) denote the cohomology 
class of the Euler curvature form on Q. We refer to it as the Euler-Satake class 
of Q. Let Cp (Q) G Hp{Q) denote the cohomology class of the Euler curvature 
form on Qr, called the F-Euler-Satake class of Q. 

Note that the Euler-Satake class and F-Euler-Satake class can be defined in the 
obvious analogous manner for any good, oriented orbifold vector bundle over Q. 
Moreover, for bad, oriented orbifold vector bundles, we can use the techniques in 
[TT] . We are using the usual convention that the F-Euler-Satake class of Q indicates 
the F-Euler-Satake class of the tangent bundle of Q. 
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The class essiQ) is the cohomology class represented by the Gauss-Bonnet m- 
tegrand in [14], while e^^{Q) is the cohomology class represented by the Gauss- 
Bonnet integrand in [T51, Theorem 3.2]. We have 

(2.4) eF^(Q)= Y. ^Es{Qi4.)) 

so that e^^{Q) is generally not a homogeneous cohomology class. Satake's Gauss- 
Bonnet theorem for orbifolds implies that if Q is compact, then 



ess 



[Qwj ' Q{<t>) ) ~ ^Es ( Q(0) 



By ( eES ( Q(0) ) ; Q(4>) ) i ^^ mean the integral of any differential form represent- 
ing eES \Q{cj>)j on (3(0). In particular, ef'^(Q) = implies that xes (Q(</.)J = 

for each {((>) £ T^. 

Conversely, since the top cohomology group of each F-sector is isomorphic to M 

in the oriented case (see [I] page 34 and Theorem 2.13]), xes (Q(0) ) — implies 
that ces [Q{<p)) = 0. If this is true for each (0) G Tq, then by Equation 12. 4[ 
^T^{Q) = 0. We summarize this observation as follows. 

Lemma 2.15. Let Q be a closed, oriented orbifold andT a finitely generated group. 
Then Cy^ [Q) = if and only if Xes ( Q(0) ) = for each [cf)) G Tq. 

3. Topological Properties of the T-Sectors 

As above, Q is an n-dimensional orbifold whose orbifold structure is given by 
the groupoid Q. Recall from Subsection 12.21 that tt : Qr ^ Q is the smooth map 
T^{G(f>x) = o-{x). Note that for each p G Q, tt^^{p) is finite, as HOM(r, Gx) is finite 
for each x G a^^{p) and the action of an /i G Gi with t{h) = x identifies each 
element of HOM(r, Gt(^)) with an clement of HOM(r, G^). 

Lemma 3.1. Suppose Q is closed and T is a finitely generated group. Then each 
T-sector is a closed orbifold, and the image of each T-sector under tt is a compact 
subset of Q. 



Proof. Pick (0) G Tj? . We first claim that tt ( Q{^) ) is a compact subset of Q. For 

each p E Q, pick a linear chart at a; G Go, <y{x) — p, with image Up <^ Q. For 
each chart with domain Vx, let V^ be a G2:-invariant ball about G Vx such that 
V^ cVx. Let Up = TTp{V^). Then the Up form an open cover of Q. As Q is compact, 
there is a finite subcover {U'} for i ^ 1,2, . . . ,k covered by linear charts at points 
Xi with <7{xi) — Pi. Then 



TT (Q(0)) 



.,) 



which is a finite union of closed sets and hence closed and compact. 

Now, suppose {4>x)i is a sequence in Q(0). Then 7r[((/)a;)i] = pi is a sequence 

in the compact space tt I (5(0) ) , implying that it has a subsequence pi- with limit 
p G TT ( Q(0) j. As 7r^-^(p)nQ(0) is a finite set, there is at least one (jjy G 7i'~"^(p) 0(3(0) 
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such that every neighborhood of (j)y contains an infinite number of the {(j)x)i- It 
follows that there is a subsequence of {4>x)ij that converges to 4>y, and that Q(4,) is 
compact. 

D 

We define a relation on Tq as follows. We say that {-ijj) < {(/)) or equivalently 

(</>) > (-0) if TT [Q(4,)j C n [Q{^)j, and (0) = {ip) if -k [Q{4,)j = n (^Q(v,)j- It can 
happen that {(/)) = {ip) with {(/)) ^ (-0). However, we can consider < a partial order 
of the equivalence classes of F-sectors under the obvious equivalence relation =. By 
(?A) < (0), then, we will mean that (V') < (</>) and (■)/') ^ (</)). 

The following technical lemma demonstrates that the partial order < can be 
understood completely locally. 

Lemma 3.2. Let Q he an orbifold and T a finitely generated group. Suppose there 
is an X Cz Gq and homomorphisms (pxTipx '■ T — > Gx in Ki- classes (0) and {ip), 
respectively. Let {T4, Ga;, tt^;} he any linear chart for Q at x. 

I. //l/j'^^>CFJ*^\ i/ien (V) < (0). 
%i. IfV^^-^ C V^'^-\ then (V-) < (0). 
lii. IfVx^^''^ = T4^'^^\ then (V) = (0). 

Proof. First, we note that if any of the containment hypotheses involving V^'^^'^ 
and V^'^'^' are true for any linear chart at x, then they are true for every linear 
chart at x. This follows from the fact that Gx acts linearly in every such chart so 
that these spaces are subspaces of each Vx 3 0; of course, subspaces are determined 
by their intersection with any neighborhood of the origin. 

If h G Gi with s(h) — x, then h defines an equivalent linear orbifold chart for 
Q at t{h) of the form {t o s'^^{Vx),hGxh^^,Trt(h)} = {Vt{h),Gt{h),'^t{h)}- It is clear 
that 

\''-^l ^x ^ ^x ^=^ ^t{K) - ^t(K) 

and 

We begin by showing that the containment hypotheses are preserved by a local 
covering in either direction. 

Suppose there is a f/'j, € 5E with ipx ''^ fpy, and then by Lemma 1 2. 7[ there is a 
linear chart {Vx,Gx,Trx} at x and an element of the orbit Qijjy (which we assume, 
without loss of generality by Equations l3.1l and l3.21 is equal to ipy) such that y ^ Vx, 
and $.x o tpy — 4'x- It follows, in particular, that y S Vx . Pick (px : T ^ Gx and 
assume that Vx Q Vx , and then as y S 14 , d(Gj,) contains Im^j; as a 
subgroup. Recalling that ^^ is injective, define 

(py ■ F > Gy 

Then 0j, S 5^. As ^| o (py — <j)x, it is clear that (f>x ''^ <t>v Pick a linear chart 
{VJ;, Gy, TTj,} at ?/, and assume by shrinking Vy if necessary that Vy C Vx Q Gq. Then 
it follows from the construction that K^^"^ ^ Vy n VJ*^"^ and fJ'^"^ = Vy ^ Vx^'^'^K 
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Therefore, Vy C Vy . Note further that, if we assume a strict inclusion Vx C 
Vx , then the as both sets are subspaces of Vx, which is diffeomorphic to R", and 
as Vy is an open subset of Vx, it foUows that Vy C Vy is strict. 

On the other hand, if there is a. ^l'y S Sg with ipy r\ tpx, then by Lemma [2.71 there 
is a hnear chart {Vy, Gy,TTy} at y and a representative of Gtpx (which we assume, 
again without loss of generality, is equal to tpx) such that x GVy, and £,y oip^ = i'y 
Let {VxtGxtT^x} be a linear chart at x; by shrinking Vx if necessary, we assume 
that Vx '^Vy C Gq. Assume that Vx C Vx for some (j>x ■ T ^ Gx, and note 
that as ^y ■ Gx ^ Gy extends the Gj^-action on Vx to all of Vy, Vx = V^ H Vy^ . 

Defining (px = ^y ° (f>y, we have that (j)x G Sg and (f>y r\ (j)x. As above, we have 

T/j-^-^ = T4 n T^J'^"\ so that yj^"^ C Vy^'^^K Again, as the sets in question are 

subspaces, if VJ''^'''^ C yj'^"\ then V^J'^'"^ c V^J'^''^ 

Now, suppose y^'^^^ C y^"^^). Let q e it ( Q(^,^)), and then there is a y S Go 

with (j(y) = q and a, ipy € Sg with ipy « f/'j;. By the definition of ~, there is a 
finite sequence V^o' V'^u ■ ■ ■ ,^xi such that V^o G t/-0^, -0^^ e (^■(/ij,, and for each i, 

''Pxi ^^ '0a;i+i or V'aJi+i ^^ "00; i ■ By Equation 13. 1[ we can assume that ^xo = ^x 
and ^xi = i^y Applying the above arguments for each i, we have that there is a 

sequence (t>xa,(i>xx, ■ ■ ■ ,(i>xi such that (f>x„ = 4>x , 4>x, = (t>y , and for each i, 4>x, r\ 4>x^^-, 
or (t)x,^, r> (t)x,. At each step, V^'*"-^ C y^"^-.) implies that y<'''-.+i> C y^-^-.+i). It 
follows that g e TT (Q(^) ), proving (i). 

To prove ('iij, we apply Equation 13.21 and note that it was shown above that 
T/('A-.) c V'^'*'-^^ implies that T^<'''-.+i> c T/^-^-'+i^ for each i. To prove ("m;, we 
simply apply (i) to ipx and (/i^; and then reverse their roles. 

D 

Lemma 3.3. Let Q be an orbifold and T a finitely generated group. For each 
{4>) G Tq, the set 

^{Qi4>))\ U ^{Qm 

W<(0) 
is connected. 

Proof. Pick an a: G Go and (px G Sg such that (px G {(f>). Then a chart for Qu) at 
(Px is of the form | V"j '^"'^ GgJ^:^), 7r^4. By [12, Theorem 4.3.2, page 158], there 

is an open and dense subset O of Vx of principal orbit type with respect to the 
GG^(0a;)-action such that 0/Cg^{4'x) is connected. 

If some point y G Vx ' satisfies n o iTf''{y) G tt (Q(i/') ) for some (i/') < {(j>), 
then there is a i/jj, G {ip). This implies that the group (Im Vy 7 Im </'y ) !i Gj, where 
4>y — (^I)^^ ° '/'a;- It follows that y is not an element of the principal orbit type; 
otherwise, Im (Qo^py) acts trivially on Vx , implying by Lemma [3?2l that (V') = {(p) 
(contradicting the fact that {ip) < (0))- Conversely, if y is not of principal orbit 
type, then picking a surjective ^py onto Gy clearly defines a class (■0) with {^p) < (cp). 

Hence, we have that in the image of each local chart, (5(0)\ IJ tt^^ o tt I Q(^) ) 

(V)<(0) ^ ^ 
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corresponds to the connected set of points with principal CG^{4'x)-0Thit type. As 
Q(0) is connected, so that any two points can be connected by a path covered by 

such charts, this imphes that Qu\\ IJ tt"^ o tt I Qt^\ ) is connected. Note that 

(VXW) ^ ^ 

if g G TT ( Q(^) ) for some {tp) < (0); then the isotropy groups of the points in 

7r~^(g) n Q(0) are isomorphic. Therefore, each such point is contained in (5(^') for 
some {tp') < {(f)), and 



<(0) 

is the continuous image of a connected set, hence connected 



D 



We note the foUowing, which is a trivial consequence of Lemma UM 



Lemma 3.4. Let Q he a closed orbifold and T a finitely generated group. For each 
T -sector Q(^ij,^ ofQ, there is aV -sector Q(^^) of Q such that (ijj) < (</)) that represents 
a minimal =-class with respect to <. In other words, if{4>') < {ip), then {(j)') = {ip). 

We will abuse language slightly and say that (-0) is minimal with respect to <. 
By this, we mean that the =-class of {ip) is minimal. 

Definition 3.5 (Covering the local groups). We say that the group T covers the 
local groups of Q if, for each subgroup H of each isotropy group Gx of Q, there 
is a homomorphism 0^ : T — > Gx with Imcpx = H. 

We note that for every compact orbifold Q, there is a finite group that covers 
the local groups of Q. See the the proof of Lemma 12.91 for each i — 1,2, ... ,k, 
let {Hij : i = 1,2, ... ,li} he a. collection of all of the nontrivial subgroups of Gxi . 
Then 

fe h 

i=i j=i 
covers the local groups of Q. Similarly, if Q is any orbifold such that the number 
of generators in a presentation of an isotropy group of Q is bounded by d, then the 
free group with d generators F^ covers the local groups of Q. 

Lemma 3.6. Suppose T covers the local groups of Q and tt f Q(0) ) Htt f (3(0) ) ^ 0. 

Then there is a {tp') £ TK with {tp') < {(p), {tp') < (tp), and n ( (5(^') ) C tt I Q(^) ) n 

^ ( Q{ip) ) • Moreover, tt I Q(^) ) Citt ( Q(^) ) is a union of the image of such sectors; 
i.e. 

7r[Q(0)j n7r(^Q(y,)j = (J Tr{Q{4,')j- 

{■4i')<W,W)<W 
Note that it is possible that {ip') = {(p), {ip') = (i/j), or both. 

Proof. Pick p £ n [Q(^) ) H tt [Q{^) ) and x £ Go with a{x) — p. Then there are 
<Px,tpx G Sg with (px G {(p), i/Jx G (ip). As F covers the local groups of Q, let 
4>'x -T ^ (Ini0^,ImV^^} be surjective. Then clearly V^''^ C l/j'^"=^ and T/j'^'^^ C 
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Vx ■ By Lemma [3.21 letting {tp') denote the «-class of i/'i as usual, {tp') < {4>) 
and (■0') < (■0)- 

This construction can be performed for each p G tt I Q(0) ) H tt I Q(^) ) , so that 

any such p is clearly contained in some tt I Q(^,') ) with (f/^') < (0), (?/;') < (V')- 

D 

We note that in the case that Q is an abelian orbifold, i.e. if each of the Gx 
are abelian, then the restriction ttJa of tt to any F-sector is injective, and hence 

an embedding of Q{4,) into Q as a suborbifold. This follows from the fact that 
Cg{4,^) = Gx for each (j)x £ Sg. In general, however, ttU will fail to be injective. 
In the Lemmas 13.71 and I3.8i we show that ttI a is a sort of singular finite covering 

V(</>) 

space, and its singularities occur precisely on the images of F-sectors (5(^) with 
(tp) < {(f>). When there are no such sectors, tt\q is a covering space of smooth 
manifolds. 

Lemma 3.7. Suppose F covers the local groups of the orbifold Q. Let Q{(j,) have 
dimension k and let p £ tt I Q{^) ) . One of the following is true. 

i. The point p is contained in vr I Q(^) ) for some (tp) < {(p). 

ii. There is a neighborhood W of p in ir I (5(0) ) diffeomorphic to M*^ such 

that Tr^^{W) n Q(0) is a finite number of disjoint sets diffeomorphic to W. 

In particular, the set tt I (5(0) ) \ IJ tt ( Q(^) ) is a smooth manifold equipped with 

the trivial action of a finite group. 

Proof. Pick p e "^(0(0)) and x £ Gq with (t{x) — p. Let {Vx,Gx,tTx} be a 

linear chart for Q at x. Then as p = cr{x) G ((5(0))j there is a (px & Sg that 
is a representative of (cp). By Lemma [2.41 a linear chart at cpx for the connected 
component (5(0) of Qr is I T4 , (7g^ (^k ) , tt^"' (■ Note that Vx is a subspace of 
Vx, and as it forms an orbifold chart for (5(0), it has dimension k. 

Suppose Gx does not act trivially on Vx as a subset of Vx. This means 
that there is a g € Gx and aye Vx such that t[{£^y)~^{g)] / y (of course, 
t[(^^)~^((7)] need not be an element of Vx ). As F covers the local groups of Q, 
let ^px : T ^ Gx have image (Im^a;,^). Then Vx is a proper subspace of Vx 
as it does not contain y. By Lemma 13.21 (ipx) < {(px), and (i) is true. 

Now, suppose Gx acts trivially on Vx . Then tt^^ : Vx — > Q(0) is a dif- 

fcomorphism onto its image. Note that tt o tt^^ — tTx on Vx , and tTx is the 
quotient map by the trivial (7a;-action. Therefore, tt maps a neighborhood of x dif- 
feomorphic to Vx diffeomorphically onto a neighborhood of p in tt I Q(,j,) ) . Let 

W = TTx [Vx ) be this neighborhood. Any other element of (5(0) in tt^^{p) is of 

the form hcpx for an h E Gi with s{h) = x. Then < VVf'' , Cg^,^-. (hcpx), '^t(h) i ^^ ^-"^ 

equivalent orbifold chart for (5(0) at /k/)^;. Suppose t{h) — x and V'jL) ^ Va; . 
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As r covers the local groups of Q, let t/jx : T ^ Gx with image (Im(/)a;,Im/i(/)j;) 

-AH 



Then yj'^'"^ = V.f'\''^r\V^'^'''^ C yj"*"^ so that, by LemmaE^l (V') < ('^)- Hence, if 



t{h) = X, then either (i) is true, or ¥^[1"^^^^ = yi'^"^ 

If t{h) 7^ X, then as the restriction Q\v.^ is isomorphic to Gx x T4, t(/i) ^ T4. By 
shrinking Va; (and hence W) if necessary, we may assume that as subsets of Gq, 
y^<t>.) p y{H.) ^ 0_ Therefore, 

Note that as7r~-^(p) and hence 7r~-^(p)n(5(0) is finite, the I Vt(x)''^^Gt[h)i^4'x),T^tnj\ \ 



form linear charts for a finite number of open subsets of Qtci>)- By the argument 
above, two sets VS^^^f'' and VS^^f" either are disjoint or coincide and yield equiva- 
lent linear charts. As each VS^f" is a fc-dimensional subspace of V^(;j), and as T^^ifjl 
is simply the quotient map of the trivial Cct,,,) (/i(/>a;)-action, (ii) is true. 

Now, for every point p e n ( (5(0) 1 \ IJ tt ( Q(^) 1 there is a neighborhood Wp 

^ ' W<i<}>) ^ ' 

of p in TT ( (5(0) 1 \ U TT ((3(^) j, diffeomorphic to M*^ such that 7r~^(Wp) n (3(0) 

is a finite number of sets diffeomorphic to Wp. For each Q(\)x E Tr^^{p) n (3(0), 

there is a chart < Vx ,CG^{(t>x),'^t'' ( f^^' Q(4>) ^t G't'x in which the preimage of 

Wp corresponds to Vx with trivial (7G^(0x)-action. As (3(0) is connected, and as 
isotropy groups of objects in the same (/-orbit are isomorphic, it is easy to see that 
the isotropy group of each point in tt ( (3(0) 1 \ U it ( Q{^^) 1 is isomorphic. More- 

over, each of these manifold charts is the restriction of a linear orbifold chart to an 



invariant subspace. Hence, they patch together to give tt I (3(0) ) \ U "" I Q(-4i) ) 

the structure of a smooth manifold. 

It follows that TT I (3(0) ) \ U "" ( Q{^) ) is ^ smooth manifold equipped with 

the trivial action of a finite group; moreover, selecting p g tt I (3(0) ) \ IJ tt I (3(0) ) 



and X £ Gq such that <t{x) — p, that finite group is given by Gx- 

D 

Lemma 3.8. Suppose T covers the local groups of Q. If {4>) is a minimal element 
ofTK, then both 0(0) ^'^'^ "' I 0(0) ) a^'g smooth manifolds equipped with the trivial 
action of a finite group. 



Proof. That tt ( (3(0) ) is a manifold follows directly from Lemma 13.71 Clearly in 
this case, 

^ {Qw) \ U '^ {Qw) = "" (*5(0) 

(V)<(0) 
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That Q(4,) is a manifold follows from the fact that the groups in the orbifold 
charts \Vx ' ,Cg(^^^),tt^^ > for (3(0) act trivially. Hence, (3(0) is an orbifold in 
which every element of the local group acts trivially, and hence the associated 
reduced orbifold is a smooth manifold. 

D 

Note in particular that if (0) is minimal, then by Lemma l3.71 t:\q is a covering 
map for its image. 

4. The Euler-Satake Characteristics and Classes as Complete 

Obstructions 

In this section, we use the constructions developed above to give a necessary and 
sufficient condition for an orbifold to admit a nonvanishing, smooth vector field. 
Our main result is Theorem 11.11 which deals with the case of a closed orbifold; this 
is proven in Subsection 14. II In Subsection 14.21 we prove Theorem l4.7[ dealing with 
the case of an orbifold with boundary, and Theorem 14.111 dealing with a certain 
class of open orbifolds. 

We start with two lemmas dealing with continuously extending and smoothly 
approximating vector fields on closed orbifolds. 

Lemma 4.1. Let Q be a closed orbifold and let S ^ Q be closed. A continuous 
vector field on S can be extended to a continuous vector field on Q. 

Proof. Suppose Xq is a vector field defined on S. Let {(f/i, fi) | i = 1, 2, . . . , to} be 
a finite partition of unity for Q composed of uniformized sets, each uniformized by 
a linear chart {Vi^Gi^TTi}. For each i such that S CiUi is not empty, we have that 
TT~^{S) is a closed subset of Vt and n*Xo is a (?i-invariant vector field on 7r~^(S'). 
As Vi is an open subset of R", we can treat a vector field on 7r~"^(5') C Vi as n 
R"-valued functions (7r*Xo)^, j = 1, 2, . . . , n. Extending each of these functions to 
all of Vi by the Tietsze Extension Theorem, we form a vector field Yi on Vi that 
extends tt*Xo. Let Xi be the average of Yi over the C?i-action, i.e. 



^' = ^ E 9Y., 



\Gi, 

' ' geG. 

and then as 7r*Xo is Gi-invariant, Xi also extends t:*Xq. 

For each i such that S* n C/i = 0, let 1^ be an arbitrary vector field on Vi and let 
Xi be its average over the Gi-a.ci\ox\. 

Since each Xi is a G'i-invariant vector field on Vi, it defines a vector field on Ui 

m 

(also denoted Xi). The vector field X{p) — ^ fi{p)Xi{p) is a continuous vector 

i=l 

field on Q that extends Xq. 

D 

Lemma 4.2. Let Q be a closed orbifold that admits a continuous vector field that 
is nonvanishing on the closed set S . Then Q admits a C°° vector field that is 
nonvanishing on the closed set S . 

Proof. Let y be a continuous vector field on Q that is nonvanishing on S. Fix a 
metric on Q and let M be the minimum value of ||y(p)|| on S. Then M > 0. 
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For each p £ Q, pick a linear chart {Vx, Gx, t^x} at some x with a{x) — p. Then 
7r*F is a continuous vector field so that there is a Gx-invariant open ball Wx about 
e T4 such that 

\\nlY{y)-n*Ym<f. 

Note that Tr*Y{0) is a Gaj-invariant vector field. The collection of the 7Tx{Wx) form 
an open cover of Q, so let {tt^;. (WeJ : i = 1, 2, . . . , fc} be a finite subcover with 
a{xi) — Pi for each i. Let {pi : i = 1, 2, . . . , A;} be a partition of unity subordinate 
to this subcover and define 

k 
i=\ 

Note that X(p) is a smooth vector field on Q. Then we have for each p £ Q that 

\\Y{p)-x{p)\\ = j:p^{p)Y{p)-T.p^{p)y{Pi) 

1=1 j=l 



E p.{p){Y{p)^Y{p,)) 

{i:pesuppp,} 



Therefore, 



< 


{i:pesuppp,} 


^ 


< 


E P^{p)f 

{i:pesupppi} 




= 


M 
2 • 





|X(p)|| = ||F(p)-(F(p)-X(p))|| 
> \\Y{p)\\-\\Y{p)-X{p)\\ 

> r(p)i 



M 
2 



> f >0. 



Hence, X is nonvanishing on S. 



D 



4.1. Closed Orbifolds. We turn to the proof of Theorem 11.11 One direction 
of the theorem is true for any finitely generated group F, so we state and prove 
it as Lemma 14.31 To prove the other direction, we need to construct a smooth, 
nonvanishing vector field X on a closed orbifold Q assuming that F covers the local 
groups of Q, and xes \Q{(t>) ) = for each F-sector. We will construct X on the 
F-sectors of Q inductively using the partial order <. To simplify the exposition, we 
will organize this construction into two claims; Claim |4^ is a base case and Claim 
4.51 is the inductive step. The actual induction will be explained in the proof of the 
theorem. 



= ind°'^''(lr 
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Lemma 4.3. Let Q be a closed orbifold and T a finitely generated group. If Q 
admits a nonvanishing, smooth vector field X, then xes (Q(0) ) = for each ((/>) G 

Proof. Suppose Q admits a nonvanishing, smooth vector field X and let Xy denote 
the extension of X to Qr defined in Lemma 12.111 Then Xr is smooth and non- 
vanishing. Pick (0) G Tq. Letting ind°''^ ("^rlg ! Q(0) ) denote the index of the 
vector field ^rlg on the set Q(ct,) in the orbifold sense (see [Mj), we have 

ind°''''(^r|Q,,,;Q(0)) =0. 
By the Poincare-Hopf Theorem for closed orbifolds in ,14j, then, 

= XES (Q(0) j ■ 

D 
Now, we assume that F covers the local groups of the closed orbifold Q. 

Claim 4.4 (Base Case). Let Q be a closed orbifold and T a finitely generated group 
that covers the local groups of Q. If Xes (Q(0)) = for each minimal {(p) G TK, 
then there is a smooth vector field X on Q whose restriction to it I Q(a) ) for each 
minimal T-sector Qu) is nonvanishing. 

Proof. Let {(f>) be a minimal element of TK. Then Qu\ and tt [Qu] ) are smooth 
manifolds equipped with the trivial action of a finite group by Lemma 13.81 As all 
isotropy groups of Q((/>) are isomorphic so that the Euler-Satake characteristic of 
(5(0) is simply its Euler characteristic divided by the order of any isotropy group, we 
see that xtop (Q(0) ) — 0- Moreover, as 7r|g is a covering map onto n [Q(^) ) , it 

follows that Xtop ( TT ( Qu) ) ) = 0- Hence, it admits a smooth, nonvanishing vector 
field. 

Noting that the images of minimal F-sectors are either disjoint or coincide by 
Lemma 13.61 we can use this technique to construct a nonvanishing vector field on 
the image of each minimal F-sector in Q. By Lemma |3. 11 the union of the images of 
the minimal sectors in Q is a finite union of closed sets and hence closed. Therefore, 
by Lemma l4. II we can extend to a vector field on all of Q which, by Lemma l4.2l we 
may assume is smooth. 

D 

Claim 4.5 (Induction Step). Let Q be a closed orbifold, F a finitely generated group 
that covers the local groups of Q, and assume Xes \Q{4>)] == for each (0) G Tq. 
Let {(j)) G Tq, and suppose there is a continuous vector field X on Q that restricts 
to a nonvanishing vector field on \_\ tt I Q(^) ) . Then there is a continuous 
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vector field Y on Q that does not vanish omr IQ(j,\\ and coincides with X on each 
TT iQ{ti,) ) such that {ip) < {(p). 

Proof. The zeros oi X\^rQ \ are contained in the open set it I Qu) ) \ IJ tt I Q(^\ ) . 

By Lemmas 13.31 and 13.71 this set is a connected manifold. Fix a point 
p G TT ( (3(0) J \ U T^ \Q(ip)] and an open neighborhood VF of p as in Lemma 

13.71 We may assume, by shrinking W if necessary, that W is contained in the 
open set 7r(Q(0)j \ IJ 7r( (5(^)1. As X does not vanish on the closed set 

U "" (Q(i/'))' ^^ may continuously perturb X\ iq \ away from each of the 

W<(0) ^ ' ^ **''^ 

TT I Q(^) J , SO that we can assume the zeros of X are isolated and contained in the 

interior of a compact %&X K dW . 

We have that, -k'^ (K')V\Q (^^-^ is a finite disjoint union of sets diffeomorphic to K\ 

I 
say 7r~^(iir)n(3(0) — \^ Ji where each Ji is diffeomorphic to K. Hence, Xy restricts 

to a continuous vector field ^r In ^^ Q{4>) '^it^^ only isolated zeros contained in the 

Ji such that each of the ^r| j; coincide with X\k via the diffeomorphism between 
each Ji and K. We have by the Poincare-Hopf Theorem for closed orbifolds in [T3] 
that 



= XES {Q{4,)) 



b/v 



ind°'' (Xr;(3(0)) 



j:imr^\Xr■,J^) 



= /(ind-(XU(^^^^);X)), 

so that ind""" (XJ^/a \',K) = 0. By techniques in 6J, X\.,^(q ) can be per- 
turbed continuously on an open set whose closure is contained in K resulting in 
a continuous, nonvanishing vector field on ttIQu-,). Applying Lemma 14.11 with 

S = IT I (5(0) ) , we can extend to a continuous vector field Y on Q that does not 

vanish on tt I Q(0) ) and coincides with X on each tt I (?(^) ) with (tp) < {(f>). 

O 

Proof of Theorem \1.1[ Let Q he a, closed orbifold and F a finitely generated group 
that covers the local groups of Q. Note that if Q is oriented, then xes ( Q{4>) ) = 
for each (0) e T^ is equivalent to e^^{Q) = by Lemma \TT^ Let T^g C T^ 
denote the minimal elements. Let T^^ denote the set of {(j)) G Tq\Tj^q such that 
whenever (ip) < {p), (-0) G T^q- Similarly, for each natural j, let Tp ■ denote the 
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set of (0) e T^\ U T^- such that whenever (-0) < (0), (V') e T^^ for some i < j. 
Then by Lemma 12.91 there is an m such that 

m 
i=l 

In particular, (1) S T^ ,ri where (1) denotes the «-class of the trivial homomorphism 
into any isotropy group. 

By Claim WM there is a smooth vector field Xq on Q that does not vanish on 

U ■"' ( Qirti) ) ■ Pick j with 1 < j < m and assume that there is a continuous 

vector field Yj on Q that is nonvanishing on tt ((3(^)) for each (?/;) e 2p . This 

implies that Yj is nonvanishing on tt I (3(?/j) ) for each (i/)) G Tp ^ with i < j. 

For each (0) G Tp _|_j^, by Claim [4751 we can construct a continuous vector field 
Y(0) on Q such that the restriction Y{(1,)\^(q \ to tt (Q(0)) is nonvanishing. If 
(0), (0') G Tp y^j^, then Y(^) and y(,/,') need not coincide. However, since they both 
extend Yj, it is clear that they coincide on tt ( (3(^) ) for each (ip) G Tp ^ with i < j. 

Moreover, by Lemma [3T6l tt ( Q(^) j fl tt ( Qj^/j j is a union of such tt I Qj^j j , so that 
y(0) and Y(^/) coincide on n ( Qi^if,) j H tt ( Q(0') j . Hence, if we set 

r,+i(p) = y(^)(p) Vp G TT (Q(^)) , (</.) G Tp^^.+i, 

then Yj^i is a well-defined, continuous, nonvanishing vector field on IJ tt I (5(0) ) . 

As this set is closed, we apply Lemma l4Tl to extend l^+i to a continuous vector field 
(also denoted Ij+i) on Q that is nonvanishing on tt ( Q{^) ) for each (0) G Tp ■ , -^ 

By induction, then, there is a continuous, nonvanishing vector field Ym on (3(i), 
which is diffeomorphic to Q. By Lemnia [4.2l we can approximate Y,n with a smooth, 
nonvanishing vector field, completing the proof of Theorem 11.11 

D 

We end this subsection with an example of a closed orbifold that does not admit 
a nonvanishing vector field. In this case, the obstruction is not detected when F = Z 
yet is detected for other choices of F. 

Example 4.6. Let R^ have standard basis {ei, 62, 63, 64, 65, eg}, and let the dihedral 
group Dq act on the sphere S^ C MP as follows. We let a denote the permutation 
(123) acting on the basis elements and 

"010 00" 
10 



6 = 



1 

0-100 

10 

1 
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act by a permutation along with multiplying the fourth basis element by —1. One 
checks that {a,b) is isomorphic to the dihedral group Dq. We let Q ~ S'^/Dq, and 
then the orbifold groupoid Q ^ S^ tK Dq is a representative of the orbifold structure 
ofQ. 

Letting F = Z with generator 7, there are three T-sectors. The first corresponds 
to the homomorphism 7 i--> 1 at each point, and is clearly diffeomorphic to Q. The 
second corresponds to j i—i- a over points stabilized by a, and is given by S^ — 
Span {ei + 62 + 63, 64, 65, Cq} D S^ with trivial 1? -action. The third corresponds to 
71-^6 over points stabilized by b, and is given by S^ ~ Span {ei + 62, 63, 65, eg} ClS^ 
with trivial 1? -action. We note that the l^-sectors correspond to the inertia orbifold; 
the Euler-Satake characteristics of each of these sectors is equal to zero, as they are 
all odd- dimensional orbifolds (see |14l Theorem 4] j. 

Now, let r = F2, the free group with generators 71 and 72. Designating a ho- 
momorphism F2 -^ Dq by (51,(72) where 7^ h-s. g^^, we have the following conjugacy 
classes: 

{(1,1)} 
mapping into the isotropy group over every point, 

{(l,a),(l,a2)}; 
{(a,l),(a2,l)}; 
{{a,a),{a^,a^)}; 
{{a,a'^),{a^,a)} 

mapping into the isotropy group over every point in S^ — Span {61+62+63, 64, 65, eg}!"! 

{{l,b),{l,ab),{l,a%)}; 

{ib,l),iab,l),ia\l)}; 

{{b,b),{ab,ab),{a%,a^b)} 

mapping into the isotropy group over every point in S^ — Span {ei + 62, 63, 65, eg} H 
S^ (or a representative of the orbit of this set), and 

{(6, ab), {ab, a%), {a^b, b), {ab, b), {a^b, ab), (6, a%)}; 
{(a, b), (a, ab), (a, a'^b), (a^, 6), {a'^,ab), (a^, a^6)}; 
{(6, a), {ab, a), {a^b, a), {b, a^), (ab, a^), {a^b, a^)]; 

mapping into the isotropy group over every point in S"^ = Span {61 + 62 + 63, 65, 6g}n 
S\ 

The first conjugacy class corresponds to a sector diffeomorphic to Q. The next 
four correspond to sectors diffeomorphic to S^ mod the trivial action ofZ^, already 
represented by the l-sectors. The following three correspond to sectors diffeomor- 
phic to S^ mod the trivial action of7L2, also diffeomorphic to a l-sector. The final 
three conjugacy classes, however, are comprised of points with isotropy Dq with only 
the trivial group acting. These sectors are given by 5^ = Span {61 +62 + 63, 65, 65} H 
S^ , and have nonzero Euler-Satake characteristic. Note that the ¥2-sectors corre- 
spond to the space of 2-multisectors (see IJ page 54] j, and that ¥2 covers the local 
groups ofQ. 

We see, then, that although the 1,-sectors do not detect any obstruction to the 
existence of nonvanishing vector fields, the ¥2-sectors do. We note that the obstruc- 
tion is also detected using T — Dq and F = Z2 © Z3 © Dq; the latter of these covers 
the local groups, while the former does not. 
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4.2. Compact Orbifolds With Boundary and Open Suborbifolds of Closed 
Orbifolds. Although it is likely that the construction of the F-sectors extends 
naturally to the case of an orbifold with boundary (whose orbifold structure is 
given by a Lie groupoid with Go and Gi manifolds with boundary), we will not 
develop the construction in this case. Rather, we will use the double orbifold to 
define them. 

Let Q be a compact n-dimensional orbifold with boundary (see [3l or J15j for 
the definition). Form the double Q (see |ll] Section 3]) and let Q be an orbifold 
groupoid for Q with objects Go, arrows Gi, source s", target f, quotient projection 

a, etc. Form the F-sectors {Q)-p. Treating Q as a subset of Q, we let 

Qr = (Q)rn^-i(Q). 

Then if {Vx,Gx,tTx} is a linear chart at a; S Go such that a{x) = p E dQ C 
Q C Q, a. chart for Q can be taken to be {V^,Gx,Trx} where V^^ is an open 
subset of R" = {{xi, . . . ,a;„) : Xn > 0}. For each (j)x € 7T~^(p), a neighborhood 
of (j)x G Qr is covered by the chart with boundary {Vx n T^^ , Gg^ (0a; ) , tt^^ } = 
{{^xY'^'°\^GA4>x)TT^t''}- Hence, we see that Qr has the structure of an orbifold 

with boundary and ((5)p is the double orbifold of Qr- 

It is easy to see that each (0) S Tj- has a representative (f)x with ^{(px) S Q, so 

that we define T^^T^. For each {(f)) e T^, let 



Then we clearly have 



Qr = |_J Q(0)- 



Let TT : Qr ^ Q be defined as the restriction of tt to Qr C (Q)ri and note that 
the relation < defined on T~ coincides with its natural definition on TK. In other 

Q V 

words, (V') < i4>) as elements of T~ if and only if n ( Q(i/j) ) ^ ( '3(0) ) • 
We also define 

^={(0)eT5:a(Q(,))^0} 

to be the set of all F sectors of Q that are closed orbifolds. Note that F covers the 
local groups of Q if and only if F covers the local groups of Q. 

Theorem 4.7. Let Q be a compact orbifold with boundary. Let T he a finitely 
generated group that covers the local groups of Q. Then Q admits a smooth nonva- 

nishing vector field if and only if xes ( Q(ij>) ) "^ f'^^ each {(f)) G Tq. 

Again, we note that no requirement is made of the behavior of the vector field 
on the boundary of Q. 

The proof of this theorem is similar to that of Theorem ll.il The primary differ- 
ence is the observation that a vector field need not vanish on tt {Q)/a,\ I for some 

p 

{(f>) e Tq\Tq. However, since the images of these sectors intersect the boundary, 

zeros can be "pushed off' to occur outside of Q in Q. 
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Lemma 4.8. Let Q be a compact orbifold with boundary. If Q admits a nonvan- 

ishing, smooth vector field X , then for every finitely generated T, xes ( Q{<t>) ) = 

r 

for each (0) G Tq. 

Proof. Suppose Q admits a nonvanishing, smooth vector field X. As Q is closed 
in Q, we can extend X to a vector field X by Lemma [4.11 which, by Lemma [4.21 

we can assume is smooth. By Lemma 12.111 X induces a vector field on (Q)p; 
let Xr denote the restriction of this vector field to Qr- Then Xr is smooth and 
nonvanishing. For each {(j>) € Tq, we have that Q(^) is a closed orbifold and Xr is a 
smooth, nonvanishing vector field on Q(j,\. Therefore, the Poincare-Hopf Theorem 

for closed orbifolds in [T3], Xes (Q(4>) ) = 0- 

D 

Now assume F covers the local groups of Q. 

Claim 4.9 (Base Case). Let Q he a compact orbifold with boundary and F a finitely 
generated group that covers the local groups of Q. If xes \Q{ct>) ) — /"'^ each 
{4>) e Tq, then there is a smooth vector field X on Q whose restriction to tt (Q(0) ) 
for each minimal {(f)) G Tq is nonvanishing. 

p 

Proof. Let {(f) be a minimal element of Tq. If (0) G Tq, then as ((/>) is a minimal 

element of Tj. and xes I Q(0) ) = 0, the same technique used in the proof of Claim 
14.41 can be used to construct a nonvanishing, smooth vector field Xr^\ on tt I (5(0) ) . 

If ((/)) ^ Tq, then tt ( (Q) ) is a closed manifold by Lemma [3781 Let X^^-^ be 
a smooth vector field on tt I ( Q ) I with isolated zeros. For each zero of ^(0) 

in p G TT I Q(0) ) , pick a simple smooth curve c{t) in tt I ( Q ) ) with c(0) == p 

and c(l) G Q\Q. Given a tubular neighborhood W of the image of c, the vector 
field ^(0) can be smoothly perturbed on a compact subset of W so that it vanishes 
only at c(l). Applying this to each zero in tt I Qm ) ^nd then letting Xr^\ be the 

restriction of ^(,^) to tt I (3(0) ) , we can assume ^(0) is nonvanishing vector field on 



7r(^Q(0)j. 



Again, the images of minimal F-sectors are either disjoint or coincide by Lemma 
13.61 so we can construct a nonvanishing vector field on the image of each minimal 
F-sector in Q. By Lemma |4. 11 as the union of the images of the minimal sectors in 
Q is closed in Q, we can extend to a vector field X on all of Q which, by Lemma 
14.21 we may assume is smooth. Then the required X is the restriction oi X to Q. 

D 

Claim 4.10 (Induction Step). Let Q be a compact orbifold with boundary and F a 
finitely generated group that covers the local groups of Q. Suppose xes ( Qu) ) — 
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p 

for each {(/)) G Tq. Let (0) G Tq, and suppose there is a continuous vector field X 
on Q that restricts to a nonvanishing vector field on \_\ t^ \Q(^)) ■ Then there 

is a continuous vector field Y on Q does not vanish on n I Qu) ) and coincides with 
X on each tt I Q(^) ) with (?/;) < (</>)• 

Proof. If (0) e Tq then tt ( Q(0) j is closed, so the proof is identical to that of Claim 

1431 On the other hand, if (0) ^ Tq, then the set tt ( (g) ) \ IJ tt ( (q) 

\^ H4>)J (^)<(0) V^ ^W 

is a manifold. Therefore, X\ /-^ \ can be continuously perturbed away from 
each of the tt ( (Qj j with {ip) < (0) so that it vanishes only on Q\Q. The 



resulting vector field can be extended by Lenima l4.1l to a continuous vector field Y 
on Q; the required vector field Y is the restriction Y to Q. 

D 

Proof of Theorem [7T7| Given Claims l49l and Claim [4T0l the proof of Theorem l47l 
is identical to the proof of Theorem 11.11 

D 

Techniques almost identical to those above can be used to prove the following. 

Theorem 4.11. Let Q be an open suborbifold of the closed orbifold R. Let T be a 
finitely generated group that covers the local groups of Q. Then Q admits a smooth 
nonvanishing vector field if and only if Xes \Q{<t>) ) — for each {(j)) G TK such that 
Q(4,^) is a closed orbifold. 

For this case, we note that each ((/)) G Tq determines an w-class in Tjj. The 

correspondence {(f>)% i— > {<j>)~ is neither surjective nor injective. Rather than use 
this correspondence, we apply the induction in the proof of Theorem 11.11 to the 

sectors of Tjj using the techniques in the proof of Theorem 14.71 when tt I Qu\ ) is 

not completely contained in R; i.e. when (5(0) is not closed. With this observation, 
the argument extends directly. 
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